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Abstract. In order to exploit the dependencies in relational data to improve pre-
dictions, relational classification models often need to make simultaneous statis-
tical judgments about the class labels for a set of related objects. Robustness has
always been an important concern for such collective classification models since
many real-world relational data such as Web pages are often accompanied with
much noisy information. In this paper, we propose a contextual dependency net-
work (CDN) model for classifying linked objects in the presence of noisy and
irrelevant links. The CDN model makes use of a dependency function to charac-
terize the contextual dependencies among linked objects so that it can effectively
reduce the effect of irrelevant links on the classification. We show how to use the
Gibbs inference framework over the CDN model for collective classification of
multiple linked objects. The experiments show that the CDN model demonstrates
relatively high robustness on datasets containing irrelevant links.

1 Introduction

Many real-world datasets are characterized by the presence of complex relational struc-
ture: Web, bibliographic data, social networks, epidemiological records, etc. In such
relational data, entities are related to each other via different types of relations (e.g.,
hyperlinks, citations, friendships). For classification of relational data, the relational
structure can be exploited to achieve better predictions. Often, relational classification
models need to make simultaneous statistical judgments about the class labels for a
set of related objects, rather than classifying them separately. Clearly, such collective
classification models are capable of significantly improving probabilistic inference in
relational data [1].

Recently, some combinative relational classification (CRC) algorithms (e.g., [4][5]
[6][16][17]) have been proposed for classification of link data by integrating relational
feature generation into traditional machine learning algorithms. Due to the implementa-
tion simplicity, CRC algorithms are often used as the baselines for classification of link
data. For example, this paper uses neighborhood iterative classification (NIC)[4] and
linkage logistic regression (LLR)[6] as baseline link-based models. Several researchers
also proposed statistical relational models (SRMs) to characterize the correlation be-
tween link data, e.g., probabilistic relational models (PRMs)[7], probabilistic entity-
relationship models (PERs)[15], relational Markov networks (RMNs)[2], Markov logic
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networks (MLNs)[10] and relational dependency networks (RDNs)[8][9]. These mod-
els allow the specification of a probability model for types of objects, and also allow
attributes of an object to depend probabilistically on attributes of other related objects.
Thereinto, RDNs offer several advantages over the other models, including the inter-
pretable representation that facilitates knowledge discovery in relational data, the abil-
ity to represent cyclic dependencies, and the simple but efficient methods for learning
model structure and parameters [9].

However, the link structure in real world is more complex. Links can be from an ob-
ject to another object of the same topic, or they can point at objects of different topics.
The latter are sometimes referred to as ”noise” when they do not provide useful and
predictive information for categorization. To perform robust reasons in such ”noisy”
data sets, this paper proposes a contextual dependency network (CDN) model. Similar
to RDNs, the CDN model also uses dependency networks (DNs) [11] for modeling re-
lational data. On top of the DN framework, we introduce additional parameters called
dependency functions to directly capture the strengths of dependencies among linked
objects. In this way, CDNs can effectively reduce the effect of the irrelevant links on the
classification. Moreover, we also show how to use the Gibbs inference framework over
the learned CDN model for collective classification of multiple linked objects. Experi-
ments were performed on Cora and WebKB to compare the classification performance
of CDNs with RDNs and two baseline link-based models. The experimental results
indicate that the CDNs can scale well in the presence of noise.

We present the formulation, learning and inference of CDNs in Section 2. Experi-
ments and results are presented in Section 3. We conclude the paper in Section 4.

2 Contextual Dependency Network Model

2.1 Relational Data

In general, link data can be viewed as an instantiation of a relational schema S where
entities are interconnected. A schema specifies a set of object types T. Each object type
t∈T is associated with a set of attributes. Moreover, a link dataset can be represented
as a directed (or undirected) graph GD=(OD,LD), where oi∈OD the node denotes an
object (e.g., authors, papers) and the edge oi→o j∈LD denotes a link from oi to o j

(e.g., author-of, citation). Clearly, attributes of an object can depend probabilistically
on its other attributes, and on attributes of other linked objects in GD.

The link regularities in many real-world data are very complex. That is, many real-
world link data such as Web pages may well exhibit the “partial co-referencing” reg-
ularity, i.e., objects with the same class tend to link to objects that are semantically
related to each others, but also link to a wide variety of other objects without seman-
tic reason [3]. Clearly, links are less informative in this case, but sometimes also pro-
vide additional information for the classification of the objects in question. Instead
of eliminating these links outright, the approach that we take in CDN is to weigh
these links differently through dependency functions that can be learn from the training
data set.
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2.2 Model Formulation

Dependency networks (DNs) [11] are probabilistic graphical models that are similar
to Bayesian Networks (BNs). They differ in that the graphical structures of DNs are
not required to be acyclic. A DND=(G,P) encodes the conditional independence con-
straints that each variable is independent of all other variables in X given its parents,
where the direct graphG encodes the dependency structure and P is a set of conditional
probability distributions (CPDs) satisfying p(Xi|Pai) = p(Xi|X\Xi) for each Xi∈X (Pai

denotes the parents of Xi). An advantage of DNs is that for both structure learning and
parameter estimation, the CPD for each variable can be learned independently using
any standard classification or regression algorithm [11].

By simply extending DNs to a relational setting, RDNs [8][9] use a bidirected model
graph GM with a set of CPDs P). Each node in GM corresponds to an attribute At

i and
is associated with a CPD p(at

i|Pa(at
i)). The RDN learning algorithm is much like the

DN learning algorithm, except it uses relational probability trees (RPTs) to learn CPDs
[9]. However, the link structure is not a part of the probabilistic model of RDNs, thus
we cannot predict links and more importantly use the links to improve prediction about
other attributes in the model [7].

Instead of specifying a single CPD for the class label of an object with type given
both other attributes of that object and attributes of other related objects (as in RDNs),
CDNs define two CPDs: one for capturing intrinsic dependency and the other for cap-
turing relational dependency. More formally,

P(Ci|Pa(Ci)) = αtP(Ci|Pa(L)(Ci)) + (1 − αt)P(Ci|Pa(N)(Ci)), (1)

where Pa(L)(Ci) denotes the “local” parents of Ci (i.e., attributes in Pa(L)(Ci) are asso-
ciated with object oi), Pa(N)(Ci) denotes the “networked” parents of (Ci) (i.e., attributes
in Pa(N)(Ci) are associated with objects in GD that are related to oi). For convenience,
we refer to Pa(L)(Ci) as intrinsic CPDs, Pa(N)(Ci) as relational CPDs, and accordingly
Pa(Ci) as full CPDs or directly CPDs for short. Parameter αt is a scalar with 0≤αt≤1 to
capture the strength of the intrinsic dependency for objects of each type t∈T. Moreover,
CDNs introduce some parameters, called dependency functions, to directly capture the
different strengths of contextual dependencies among linked objects such that the rela-
tional CPD Pa(N)(Ci) is expressed as

P(Ci|Pa(N)(Ci)) =
∑

oik∈Pa(oi)

σi,ikP(Ci|Pa(N)
ik (Ci)), (2)

where Pa(N)
ik (Ci) is the parent set of Ci in attributes of object oik∈Pa(oi), and σi,ik is the

dependency function of oi on oik, which is used to measure how much Pa(N)
ik (Ci) affects

the distribution of Ci. Here we assume that a function σi,ik is called a dependency func-
tion of object oi on object oik∈OD if it satisfies: (1) σi,ik≥0; (2)

∑
oik∈Pa(oi)σi,ik=1; (3)

The function σi,ik consists of at least two components: the mutual information I(oi; oik)
and the linkage kernel K(oi, oik)= f (ϕi,ik). Several oft-used kernel functions (e.g., poly-
nomial, exponential, or sigmoid functions) can be adopted to construct linkage kernels
from the link features f (ϕi,ik) between oi and oik[14], given a parameter βt for each type
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t∈T of objects. Here we use mutual information I(oi; oik) to measure the statistically se-
mantic correlation among oi and oik. The higher the I(oi; oik), the easier it is to estimate
one object given the other, or vice versa. Thus we have the following definition:

Definition 1. For the relational schema S, a CDN modelM=(GM,P, θ) defines:

1. a directed model graphGM in which each node corresponds to an attribute of objects
with type t∈T and each edge represents the dependency among attributes,

2. a set of template CPDs P=P(L)∪P(N) where P(L) and P(N) are the intrinsic and rela-
tional CPDs respectively, and

3. a parameter set θ=
{
αt, βt,πt, a

t,t′
i, j

}
t∈T that are used to specify dependency functions

among linked objects in any link graph that is defined by the schema S, where
πt=
{
pt

i = P(ct
i)
}

are the priors, and
{
p(ct

i|ct′
j ) | t′ ∈ T

}
are the transition probabilities.

For a given link graphGD, a CDN model uses theGM andGD to instantiate an inference
graph GI=(VI,EI) during inference so as to represent the probabilistic dependencies
among all variables in a test set [9]. Figure 1 shows an example of GM and GI. Given a
CDN modelM, the full joint distribution over the unknown label variables in GD can
be approximately expressed as follows:

P(GD|M)=
∏

t∈T

∏

oi∈I(t)

P(Ci|Pa(Ci))

=
∏

t∈T

∏

oi∈I(t)

[
αtP(Ci|Pa(L)(Ci)) + (1 − αt)P(Ci|Pa(N)

ik (Ci))
]

=
∏

t∈T

∏

oi∈I(t)

⎡⎢⎢⎢⎢⎢⎢⎣
∑

oik∈{oi}∪Pa(oi)

σ̃i,ikP(Ci|Pa∗ik(Ci))

⎤⎥⎥⎥⎥⎥⎥⎦ , (3)

where

σ̃i,ik =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

αt, oik = oi,

(1 − αt)σi,ik, oik ∈ Pa(oi),

0, otherwise.

and

Pa∗ik(Ci) =

⎧⎪⎪⎨⎪⎪⎩
Pa(L)

ik (Ci), oik = oi,

Pa(N)
ik (Ci), oik ∈ Pa(oi).

CDNs first approximate the full joint distribution for a collection of related objects
with a set of CPDs. Then each CPD can be further modeled as a linear combination of an
intrinsic CPD and a set of relational CPDs with the weights represented by dependency
functions. This would facilitate ease of knowledge acquisition and domain modeling,
and provide computational savings in the inference process.

2.3 Learning

Like DNs, both the structure and parameters of CDNs are determined through learning
a set of CPDs. For a CDN model, the parameter-estimation task is to learn a set of
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Fig. 1. (a) A link graph, (b) the model graph and (c) the inference graph

model parameters
{
P(L)

t ,P
(N)
t , αt, βt,πt

}
t∈T from a training set G′D=(O′D,L′D), where

P(L) and P(N) are the intrinsic CPDs and relational CPDs respectively, αt is the self-
reliant factor, βt is the parameter for linkage kernels, πt=

{
pt

i = P(ct
i)
}

are the priors. The
learned parameters are then applied to a separate testing set GD. Note that the transition
probabilities at,t′

i, j can be obtained by using the intrinsic and relational CPDs.
The CDN learning algorithm is in principle based on pseudo-likelihood techniques,

which avoids the complexities of estimating a full joint distribution. With the assump-
tion that the objects in O′D are independent, the prior pt

i can be estimated by the relative
frequencies of objects with the class label ct

i in O′D, and the intrinsic CPDs P(L)
t can be

estimated by any probabilistic classification or regression techniques (called intrinsic
models) such as naı̈ve Bayes (NB) (e.g., [4]), logistic regression (e.g., [6]), or proba-
bilistic support vector machine (SVM) (e.g., [12]). For the relational CPDs P(N), how-
ever, we cannot directly use the standard statistical learning methods since the labels
of objects are correlated. By modeling the learning of P(N) as a dynamic interacting
process of multiple Markov chains, here we use the self-mapping transformation algo-
rithm [13] to learn P(N). That is, the graph G′D is partitioned into N′ subgraphs, each of
which contains an object oi and its parents Pa(oi). For each subgraphG′Di

=(O′Di ,L′Di),
the relational CPD parameter can be learned by using the self-mapping transforma-
tion [13]. This process is repeated for all subgraphs until convergence. Lastly, for the
parameters αt and βt, we can set the appropriate values empirically or by the cross-
validation method. For example, αt is set to be 0.7∼0.8 for type=paper and 0.4∼0.5 for
type=author in the citation data.

2.4 Inference

During inference, a CDN model uses the GM and GD to instantiate an inference graph
GI . This process includes two operations: (1) Each object-attribute pair gets a separate,
local copy of the appropriate CPD (including an intrinsic CPD and a relational CPD).
(2) Calculate the dependency functions using the parameter set θ of the CDN model.

In general, the CDN inference graph can be fairly complex. Clearly, exact inference
over this complex network is impractical, so we must resort to approximate inference.
As in DNs and RDNs, we also use ordered Gibbs sampling for approximate inference
over CDN inference graphs. First, a bootstrap step is used to assign an initial label for
each unlabeled object using only the intrinsic models. That is, p(Ci|M) can be initial-
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ized as p(Ci|Pa(L)(Ci)) and an initial CDN inference graph G(0)
I can be constructed over

the link graph GD. Gibbs inference then proceeds iteratively to estimate the joint pos-
terior distribution over the class variables of all unlabeled objects. For each variable,
the influence propagation step is performed to return a refined posterior probability
p(Ci|M) given both other attributes of that object (i.e., Pa(L)(Ci)) and attributes of other
related objects (i.e., Pa(N)(Ci)). This process is repeated for each unknown variable in
the graph GI. After a sufficient number of iterations, the values will be drawn from a
stationary distribution [11]. This paper adopts a mixed iteration convergence criteria for
Gibbs inference, including the convergence of the log-likelihood over all unobserved la-
bel variables, the consistency of the maximum a posterior (MAP) estimates among two
consecutive iterations, and a predefined iteration upper bound.

3 Experiments

In this paper, we used two real-world datasets, i.e., Cora and WebKB, each of which
can be viewed as a link graph. The whole Cora dataset consists of about 37,000 pa-
pers. In common with many other works (e.g., [6]), we use the subset (denote by
Cora0) with 4331 papers of Machine Learning and 11,873 citations. Moreover, sev-
eral extended datasets, denoted by Coraδ, are constructed by adding into Cora0 differ-
ent amounts of miscellaneous links that point from Cora0 to papers with other topics.
On the other hand, the WebKB dataset contains approximately 4100 pages from four
computer science departments, with a five-valued type attribute (i.e., faculty, student,
project, course and other), and 10,400 links between pages. Similarly, the base subset
of pages with the four labels is denoted by WebKB0. We construct several extended sets
WebKBδ by appending some links that point to other pages. With different δ values, the
Coraδ and WebKBδ datasets may exhibit different link regularities. For simplicity, we
set {0, 0.05, 0.10, 0.15, 0.18} to values in for the two datasets.

In [14], we have shown that noisy links have high influence on link-based classi-
fication. Here our main goal is to demonstrate the robustness of our CDN model in
collective classification on noisy datasets. We also use NBs and SVMs as the baseline
intrinsic models, and use NICs and LLRs as the baseline link-based models. In addi-
tion, we re-construct all the link-based models respectively with NBs and SVMs as
their intrinsic models. For convenience, they are denoted by NICNB, NICSVM, LLRNB,
LLRSVM, RDNNB, RDNSVM, CDNNB and CDNSVM respectively. The experimental re-
sults are shown in figure 2.

On average, CDNNB outperformed NICNB, LLRNB and RDNNB respectively by about
6.15%, 6.08% and 5.62% on WebKB, and about 1.46%, 1.73% and 1.13% on Cora;
CDNSVM outperformed NICSVM, LLRSVM and RDNSVM respectively by about 3.33%,
3.94% and 2.71% on WebKB, and about 2.32%, 2.51% and 1.57% on Cora. More
importantly, the relative accuracies of CDNs do not decline along with increasing the
parameter δ for the two datasets. In other words, CDNs can effectively exploit the mis-
cellaneous links to improve the classification performance. Comparatively, although
RDNs can use the selective relational classification algorithms (e.g., RPTs) to learn a
set of CPDs, their performance is also affected by the noisy links in the inference phase.
This enlightens us that the selectivity of link features should be directly encoded in the
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Fig. 2. Comparison of classification accuracies of all link-based models on (a) WebKB and
(b) Cora

relational model itself such that the learned model can keep robust in different link data.
We also noted one exception that the CDN models performed poorly on WebKB5. This
indicates that the accuracy improvements of CDNs might be not significant when the
datasets have only fewer noisy links.

The differences in accuracy between the NIC, LLR, RDN and CDN models may in-
dicate that the improvements are not significant. To investigate this possibility we per-
formed two-tailed, paired t-tests to assess the significance of the results obtained from
the four-validation tests. With a few exceptions, CDNs outperform NICs and LLRs at
the 90% (averagely 97.7%) significance level on both WebKB and Cora, and outper-
form RDNs at the 80% (averagely 93.6%) significance level on the two datasets. These
results support our conclusions that the classification performance of CDNs is signifi-
cantly better than NICs, LLRs and RDNs.

Currently, we are experimenting with Web image classification tasks to explore more
interesting applications of the RDN models. Our basic premise is that Web images
which are co-contained in the same pages or contained in co-cited pages are likely to be
related to the same topic. We thus can build a robust image classification model by using
visual, textual and link information. On a sports Web image collection crawled from
Yahoo!, the CDN model obtained about 14% improvements in the average classification
accuracy over the SVM classifier that uses visual and textual features.

In summary, the experimental results are generally positive, but in some cases the
improvements are not so significant. However, we can safely conclude that the CDN
models show relatively high robustness in the link data with a few noisy links.

4 Conclusion

Many link data such as Web pages are often accompanied with a few noisy links. Such
noisy links do not provide the predictive information for categorization. To capture
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such complex regularities in link data, this paper proposes a robust model for collective
classification, i.e., contextual dependency network (CDN) model. Experimental results
showed that the CDN model can demonstrate high robustness in the noisy link datasets,
and provide good prediction for the attributes of linked objects.
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